To study the connection between macroscopic hysteretic behavior and the microstructural properties, this paper presents and validates a new material dependent three-dimensional mesoscopic magnetic hysteresis model. In the presented mesoscopic description, the different micromagnetic energy terms are reformulated on the space scale of the magnetic domains. The sample is discretized in cubic cells, each with a local stress state, local bcc crystallographic axes, etc. The magnetization is assumed to align with one of the three crystallographic axes, in positive or negative sense, defining six volume fractions within each cell. The micromagnetic Gibbs free energy is described in terms of these volume fractions. Hysteresis loops are computed by minimizing the mesoscopic Gibbs free energy using a modified gradient search for a sequence of external applied fields. To validate the mesohysteresis model, we studied the magnetic memory properties. Numerical experiments reveal that ͑1͒ minor hysteresis loops are indeed closed and ͑2͒ the closed minor loops are erased from the memory.
I. INTRODUCTION
In ferromagnetic materials, hysteresis processes are greatly influenced by the microscopic material features. 1 Hence, adjusting the microstructure can lead to superior magnetic properties of the material, which is, e.g., important for electrical machine constructors. Moreover, a change in the magnetic hysteresis properties is related to a change in the microstructure, which could enable magnetic nondestructive evaluation. Several hysteresis models are presented to describe the connection between the microstructure and the macroscopic magnetic behavior of ferromagnetic materials.
A first class of models is purely mathematical in origin as the Preisach model. 2 Here, the material characteristics are included by fitting model parameters to experimental data, making it hard to find distinct relationships between the microscopic material parameters and the model parameters. General hysteresis properties as memory properties ͑return-point memory and wiping-out property͒ are included in the models by construction.
A second class of models is based on the micromagnetic theory. Micromagnetic hysteresis models as in Ref. 3 are based on the microscopic material parameters, describing the magnetization processes on a microscopic time and space scale based on the physical interactions between the magnetic dipoles and the material using the Landau-Lifshitz equation. Due to their physical nature, micromagnetic hysteresis models are also found to describe the memory properties. 4 However, these models have difficulties describing macroscopic materials since the nanoscale computations are time intensive.
A third class of models incorporates the micromagnetic approach on a larger, mesoscopic space scale. Daniel et al. 5 elaborated a model based on simplified hypothesis concerning the magnetic material resulting in single valued B-H loops, while Hauser 6 reverted to statistics to describe the Gibbs free energy. Here, we will present a mesoscopic hysteresis model also based on the micromagnetic energy terms and relying on numerical minimization procedures to minimize the Gibbs free energy.
II. MICROMAGNETIC ENERGY TERMS
In the micromagnetic theory, the magnetic moments of the atoms are homogenized to a continuum vector field which varies on a nanometer space scale.
1 This continuum field M͑r , t͒ has a fixed, material dependent amplitude M s , and a time and space varying orientation M = M s m͑r , t͒. The variations in the magnetic vector field are described by the Landau-Lifshitz equation, which minimizes the total Gibbs free energy tot , E tot = ͐ tot dV. According to the theory, five interaction terms contribute to tot . A trade-off between these different energy terms yields the resulting magnetization, which corresponds with a minimal energy state. The anisotropy energy density ani describes the interaction between the magnetization and the local crystallographic axes of the iron bcc lattice.
with ␣ i the direction cosine of m with the ith crystallographic axis and K 1 and K 2 the anisotropy constants. This energy term is minimal when the magnetization is aligned with one of the local crystallographic axis. The exchange energy density exch penalizes short range magnetization variations ͑A is the exchange stiffness͒:
The Zeeman and magnetostatic energy density ͑with 0 the vacuum permeability͒ are given by 
These energy density terms are minimal when the magnetization aligns with the external applied field H a and the magnetostatic field H ms , respectively. Furthermore, the magnetoelastic energy density
advantages the magnetization along directions with large positive strains ⑀, with = c · ·⑀ Hooke's law. The strain ⑀ comprises three contributions: the given strains due to the external forces and lattice defects in the material ⑀ ext+def , the quasiplastic spontaneous magnetostrictive strain ⑀ Q , and the elastic strain ⑀ el introduced to obey the mechanical equilibrium conditions. 1
III. MESOSCOPIC DESCRIPTION
The dominant magnetization configurations in ferromagnetic materials consist of domain structures, separated by 90°a nd 180°domain walls.
2 Describing the magnetization processes on the space scale of the magnetic domains leads to a mesoscopic description. Since the relationship between microstructure and magnetic behavior is most pronounced at low induction levels, the model is restricted to magnetizations at these levels. In the presented mesomodel the material sample is subdivided in N cubic cells with edge length ⌬. In each cell q the local bcc crystallographic axes define a local coordinate system described by the unit vectors e u q , e v q , and e w q . Neighboring cells with identical crystallographic axes define a grain. We assume that the magnetic domains are magnetized along one of the three directions e u q , e v q , and e w q in positive or negative direction, reducing the anisotropy energy ͑1͒ within the domains to zero. This is the case for moderate induction levels. The magnetization within a cell q can then be written as
defining six volume fractions v i q ͑i =1, ... ,6͒ per cell q as in Ref. 6. This also reduces the exchange energy ͑2͒ within each volume fraction to zero. Note that in this description the magnetization amplitude ͉m q ͉ is not constant. For each cell, the Zeeman and magnetostatic energy is evaluated using formulas ͑3͒ and ͑4͒ with m the averaged magnetization ͑6͒ in the cell.
Here, the magnetostatic fields H ms q are computed simultaneously for all cells using fast Fourier transforms 3 with sources m q , q =1, ... ,N. The magnetoelastic contribution is included by taking into account the interaction between the given stresses due to the external forces and microstructural defects ext+def and the local magnetization. Consequently, for simplicity we neglect the ⑀ el and the influence of the magnetization on the stress following Ref.
This results in
where the ext+def,q is the homogenized stress state of cell q while ⑀ v i q Q is the quasiplastic spontaneous magnetic strain of the volume v i of cell q. Hence in the presented mesoscopic scheme, only Eqs. ͑3͒-͑5͒ have volume contributions to E tot .
Since the magnetization in the 90°and 180°domain walls evolves to perpendicular and opposed magnetization directions, respectively, the anisotropy and exchange energy have nonzero contributions. By integrating the anisotropy and exchange energy density over the thickness of the domain wall ͑Bloch walls are considered͒, we can write the energy contributions in terms of the 90°and 180°domain wall surfaces S 90 and S 180 .
ͮ .
͑11͒
The domain wall thicknesses ␦ 90 and ␦ 180 are material dependent and can be taken constant. 1 Since we want to write E tot in terms of the volume fractions v i q , a relation between the domain wall surfaces and the volume fractions is needed.
Starting from geometrical considerations we postulate the relations
while more accurate relations for Eqs. ͑12͒ and ͑13͒ should be obtained from micromagnetic computations.
IV. ENERGY MINIMIZATION
In micromagnetic hysteresis models, the LandauLifshitz equation describes the magnetization dynamics. 3 In the presented mesohysteresis model, this is performed by minimizing E tot for successive applied fields. In this minimization procedure, the variables v i q ͑i =1, ... ,6, q =1, ... ,N͒ have to meet the constraints:
A general gradient based optimization method 7 is used to evolve toward the minimum energy state corresponding with the applied field.
V. RESULTS
Ferromagnetic materials with a temperature well below the Curie temperature T C exhibit the return-point memory and the wiping-out property according to the Madelung rules.
8,2 Therefore, these two characteristics are paramount for a working hysteresis model. Here we investigate the memory properties in the presented hysteresis model. The simulations are carried out on an Fe sample ͑ 0 M s = 2.16 T, A = 1.5ϫ 10 −11 J / m 3 , K 1 = 0.48ϫ 10 5 J / m 3 , and K 2 = 0.50 ϫ 10 5 J / m 3 ͒ discretized with 15 3 cubic cells with edge length ⌬ = 0.6/ n x n y n z m, where n x , n y , and n z are the number of cells in the three directions and the temperature is kept well below T C . The hysteresis loop is constructed by considering subsequent applied fields along the x-axis. Starting from the equilibrium configuration for the volume fractions for a given applied field at time point t i , we compute the equilibrium state for the applied field at t i+1 by the energyminimization procedure described in Sec. IV. In a first numerical experiment, the crystallographic axes are oriented along the xyz-axes, which enables to describe saturation along the x-axis. In Fig. 1 , the minor loops are kept within the major loop and the primary and secondary minor loops close almost perfectly, as is described by the return-point memory. Once the minor loops are closed, the magnetization continues as if the minor loops did not exist, proving the wiping-out property is present in the model. The energy profiles of the loops are shown in Fig. 2 . The energy reaches the same level when the minor loops close. For another numerical experiment, for which the crystallographic axes are randomly distributed, magnetization loops with and without minor loops are given in Fig. 3 . As in the previous case, the two memory properties are described perfectly.
VI. CONCLUSION
A mesohysteresis model for the simulation of magnetization processes at moderate applied fields is presented. The micromagnetic interaction terms are reformulated on the space scale of the magnetic domains, resulting in a model depending only on microstructural parameters. As a validation, we show that the presented mesohysteresis model describes the memory properties: minor hysteresis loops are indeed closed and the closed minor loops are erased from the memory. 
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